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Abstract

Even though kidney exchange became an important source of kidney transplants over the











preliminaries, In Section 3 we introduce the model, and in Section 4 we analyze the impact of
availability and timing of various blood subtyping technologies on the number of living-donor
kidney transplants. In Section 5, we show via computational simulations that all our theoretical
results are veri�ed using kidney-donation data from the US. In Section 6, we conclude. The
Appendix is devoted to proofs (Appendix A), the extended analysis allowing for 3-way kidney
exchange in addition to 2-way exchange (Appendix B), additional results related to simulations
(Appendix C).
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it is possible to calculate the PRA distribution using di�erent data sets for various types of
individuals; for example, waitlisted kidney patients using UNOS data).

2.2 Blood-Type Compatibility

Blood-type compatibility is the more structured of the two primary medical requirements for
kidney transplantation. The standard blood type classi�cation is known as ABO grouping.
Under this classi�cation there are two types of red blood cell proteins (or antigens) referred to
as antigen A and antigen B. An individual can have any combination of these two antigens,
and individuals produce antibodies against the antigens they lack. There are four blood types
determined by the presence or absence of these two antigens on the surface of red blood cells:

1. Blood type O: Has neither A nor B antigens on red cells (but both antibody anti-A and
antibody anti-B are in the plasma).

2. Blood type A: Has only the A antigen on red cells (and antibody anti-B in the plasma).

3. Blood type B: Has only the B antigen on red cells (and antibody anti-A in the plasma).

4. Blood type AB: Has both A and B antigens on red cells (but neither antibody anti-A nor
antibody anti-B in the plasma).

The above-described blood type classi�cation induces the standardABO blood-type com-

patibility



2.3 Blood Subtype A2/A2B Compatibility

Unlike the red blood cell antigen B, antigen A is not a single antigen and it consists of two major
subtypes, A1 and A2. When transplanted to a blood type B or O patient, a subtype A2 kidney
generates considerably weaker antibody response than a subtype A1 kidney. Similarly, subtype
A2B kidneys (those with both subtype A2 and type B antigens) generate weaker antibody
response than A1B kidneys (those with both subtype A1 and type B antigens) in blood type
B patients. The antibody response to subtype A2 (or A2B) kidneys is not uniform across all





under the baseline scenario. Patients who are both tissue-type and blood-type compatible with
their donors receive a kidney transplant directly from their compatible donors. In this base-
line scenario, patients who are either tissue-type incompatible or blood-type incompatible are
transferred to a single kidney-exchange pool. This process determines the composition of the
kidney-exchange pool.

In addition to the baseline ABO-compatibility technology, we also consider the three sub-
typing technologies A2-to-B compatibility, A2-to-O compatibility, and full compatibility, de-
scribed in Section 2.3. When available, a subtyping technology will replace the baseline ABO-
compatibility technology, thereby potentially removing a barrier to direct donation. Therefore
compared to the baseline ABO compatibility, the availability of each of the three subtyping
technologies will potentially extend the set of patients who receive a transplant via direct do-
nation and potentially shrink the set of patients who are transferred to the kidney-exchange
pool.

A 2-way kidney exchange involves two patients, each of whom is compatible with the
other patient’s donor. When a 2-way exchange is carried out, both patients receive a kidney
from the other patient’s donor. Once the kidney-exchange pool forms under any of the above-
described bloodtyping/subtyping technologies, a maximal-size kidney exchange is determined
for the given pool of incompatible patient donor pairs as in Roth, Sönmez, and Ünver (2005b,
2007). Our focus is to analyze the impact of availability of various subtyping technologies on the
total number of living-donor transplants, including direct transplants from patients’ compatible
donors and transplants from kidney exchanges.

Following Roth, Sönmez, and Ünver (2007), we rely on the following three assumptions
about the composition of the kidney-exchange pool to derive our analytical results. While these
assumptions are used for our analytical results, they will be dispensed with in our simulations in
Section 5. We will observe that all qualitative implications of our analytical results are veri�ed
by our simulations in the absence of these assumptions. We next motivate and formally state
these assumptions.

Let X, Y be two distinct blood types such that a blood type Y donor can donate to a
blood type X patient. Being blood-type compatible, a pair of type X-Y is only transferred
to the kidney-exchange pool when the pair is tissue-type incompatible, a relatively rare event.
In contrast, a pair of the opposite type Y-X is always transferred to the kidney-exchange
pool because they are blood-type incompatible. Therefore, in the long run, there will be an
abundance of Y-X pairs in the kidney-exchange pool in comparison with X-Y pairs, and thus
it will not be possible to match all pairs of type Y-X.9 We refer to this situation as a pair of

9That is why there is an abundance of blood type O patients with non-O donors in kidney-exchange pools

all over the world.
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AB-A2B pairs (who are matched with the same type under ABO compatibility) are matched

with B-A1B pairs (who are underdemandedby Assumption LP(ii)) and B-A2B pairs (who are

on the long side of the exchange under ABO compatibility, but notunderdemandedunder A2-

to-B compatibility) are matched with other B-A2B pairs or with B-B pairs. On the other hand,

because the compatible B-A2 pairs do not participate in the exchange and the A-B pairs are

underdemandedby Assumption TF, there is a decrease in the number of 2-way exchanges by

an A-B pair and a B-A pair.

The following 3-way exchanges are possible: a B-O pair, an O-A pair, and an A-B pair (or

an A-A2B pair); an AB-A pair, an A-B pair (or an A-A2B pair), and a B-AB pair. In each

of these exchanges, twounderdemandedpairs (an O-A pair and an A-B pair � or an A-A2B

pair � in the �rst one, and a B-AB pair and an A-B pair � or an A-A2B pair � in the second

one) are matched. These 3-way exchanges potentially compensate the e�ciency loss due to the

compatible B-A2 pairs not participating in the exchange.

Case 1: � � 0.

Under ABO compatibility, all incompatible B-O and AB-A pairs are matched via 3-way ex-

changes, including an A-B pair by Lemma 3. This implies that each A-B pair that is not

matched with a B-A pair via a 2-way exchange remains unmatched under A2-to-B compatibil-

ity. Similarly, no A-A2B pair is matched via a 3-way exchange. Thus, because there are not

enough B-O and AB-A pairs to match with the remaining A-B pairs (which are not matched

with B-A pairs via a 2-way exchange) via 3-way exchange, switching to the A2-to-B compati-

bility policy does not increase the number of transplants via 3-way exchange.20 The e�ciency

loss due to the compatible B-A2 pairs not participating in the exchange cannot be recovered

under A2-to-B compatibility.

Case 2: � > 0.

Under ABO compatibility, each A-B pair, not matched with a B-A pair via a 2-way exchange

is matched either with B-O pair or an AB-A pair via 3-way exchange by Lemma 3. Because

� > 0, the same 3-way exchanges are feasible under A2-to-B compatibility as well. Moreover,

there are� -many B-O and AB-A pairs available for further 3-way exchanges. These B-O and

AB-A pairs can be matched with A-B pairs (which are matched with compatible B-A2 pairs

20Note that under A2-to-B compatibility, a new 3-way exchange is possible: an O-A2B pair, a B-AB pair,
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